Abstract. We show relationships between uniform K-stability and plt blowups of log Fano pairs. We see that it is enough to evaluate certain invariants defined by volume functions for all plt blowups in order to test uniform K-stability of log Fano pairs. We also discuss the uniform K-stability of two log Fano pairs under crepant finite covers. Moreover, we give another proof of Ksemistability of the projective plane.
Introduction
In this paper, we work over an arbitrary algebraically closed field k of characteristic zero. Let (X, ∆) be a log Fano pair, that is, X is a normal projective variety over k and ∆ is an effective Q-divisor such that (X, ∆) is a klt pair and −(K X + ∆) is an ample Q-Cartier Q-divisor. (For the minimal model program, we refer the readers to [KM98] and [BCHM10] .) We are interested in the problem whether (X, ∆) is uniformly K-stable (resp., K-semistable) or not (see [Tia97, Don02, Szé06, Szé15, Der15, BHJ15, BBJ15, Fjt16b] and references therein). In [Li16, Theorem 3.7] and [Fjt16b, Theorem 6 .5], we have seen that the uniform K-stability (and the K-semistability) of (X, ∆) is equivalent to measure the positivity of certain invariants associated to divisorial valuations on X. Before recalling those results, we prepare some definitions. Definition 1.1. Let (V, Γ) be a log pair, that is, V is a normal variety and Γ is an effective R-divisor on V such that K V + Γ is R-Cartier. Let F be a prime divisor over V , that is, there exists a projective birational morphism σ : W → V with W normal such that F is a prime divisor on W .
(1) The log discrepancy A(F ) := A (V,Γ) (F ) of (V, Γ) along F is defined to be A(F ) := 1 + ord F (K W − σ * (K V + Γ)). We remark that the value A(F ) does not depend on the choice of σ. Moreover, let c V (F ) ⊂ V be the center of F on V , that is, the image of F on V .
(2) ( [Ish04] ) The divisor F is said to be primitive over V if there exists a projective birational morphism τ : T → V with T normal such that F is a prime divisor on T and −F on T is a τ -ample Q-Cartier divisor. We call the morphism τ the associated prime blowup. (We do not assume that F is exceptional over V . We remark that the associated prime blowup is uniquely determined from F [Ish04, Proposition 2.4].) Moreover, let Γ T be the R-divisor on T defined by
We often denote the associated prime blowup by τ : (T, Γ T + F ) → (V, Γ).
(3) ([Sho96, 3.1], [Pro00, Definition 2.1]) Assume that F is a primitive prime divisor over V and τ : (T, Γ T + F ) → (V, Γ) is the associated prime blowup. The divisor F is said to be plt-type (resp., lc-type) over (V, Γ) if the pair (T, Γ T + F ) is plt (resp., lc). Under the situation, we call the associated morphism τ the associated plt blowup (resp., the associated lc blowup).
Definition 1.2 ([Fjt16b, Definition 6.1]). Let (X, ∆) be a log Fano pair of dimension n, L := −(K X + ∆), and let F be a prime divisor over X.
(1) For arbitrary k ∈ Z ≥0 with kL Cartier and x ∈ R ≥0 , let H 0 (X, kL − xF ) be the sub k-vector space of H 0 (X, kL) defined by the set of global sections vanishing at the generic point of F at least x times.
(2) The divisor F is said to be dreamy over (X, ∆) if the graded k-algebra
is finitely generated over k for some (hence, for an arbitrary) r ∈ Z >0 such that rL is Cartier.
By [Laz04a, Laz04b] , the function vol X (L − xF ) is continuous and non-increasing on x ∈ [0, ∞). Moreover, the limsup is actually a limit. (4) We define the pseudo-effective threshold τ (F ) of L along F by
Moreover, we setβ
.
Obviously, we have the inequality j(F ) > 0.
If F is a plt-type prime divisor over a klt pair (V, Γ) and c V (F ) = {o}, then the divisor F is said to be a Kollár component of the singularity o ∈ (V, Γ).
The following is the valuative criterion for uniform K-stability (and K-semistability) of log Fano pairs introduced in [Li16] and [Fjt16b] . Theorem 1.4. Let (X, ∆) be a log Fano pair.
(1) ([Li16, Theorem 3.7], [Fjt16b, Theorem 6.6 ]) The following are equivalent:
(ii) For any prime divisor F over X, the inequality β(F ) ≥ 0 holds. (iii) For any dreamy prime divisor F over (X, ∆), the inequality β(F ) ≥ 0 holds. (2) ([Fjt16b, Theorem 6.6]) The following are equivalent:
(i) (X, ∆) is uniformly K-stable (see for example [Fjt16b, Definition 6.4]). (ii) There exists δ ∈ (0, 1) such that for any prime divisor F over X, the inequality β(F ) ≥ δ · j(F ) holds. (iii) There exists δ ∈ (0, 1) such that for any dreamy prime divisor F over (X, ∆), the inequality β(F ) ≥ δ ·j(F ) holds.
The purpose of this paper is to simplify the above theorem. More precisely, we see relationships between the above criterion and plt blowups of log Fano pairs. The following is the main theorem in this paper. (1) The following are equivalent:
(ii) For any plt-type prime divisor F over (X, ∆), the inequalitŷ β(F ) ≥ 0 holds. (2) The following are equivalent:
(i) (X, ∆) is uniformly K-stable.
(ii) There exists ε ∈ (0, 1) such that for any prime divisor F over X, the inequalityβ(F ) ≥ ε holds. (iii) There exists ε ∈ (0, 1) such that for any dreamy prime divisor F over (X, ∆), the inequalityβ(F ) ≥ ε holds. (iv) There exists ε ∈ (0, 1) such that for any plt-type prime divisor F over (X, ∆), the inequalityβ(F ) ≥ ε holds.
Remark 1.6.
(1) In Theorem 1.4 (2), we need to evaluate j(F ) in order to test uniform K-stability. It seems relatively difficult to evaluate j(F ) than to evaluateβ(F ) since the value τ (F ) is not easy to treat. It is one of the remarkable point that we do not need to evaluate j(F ) in Theorem 1.5 (2). (2) Theorem 1.5 claims that we can check uniform K-stability and K-semistability by evaluatingβ(F ) for plt-type prime divisors F over (X, ∆). The theory of plt blowups is important for the theory of minimal model program and singularity theory (see [Pro00, Pro01] ). It is interesting that such theories will relate K-stability via Theorem 1.5. Moreover, Theorem 1.5 seems to relate with [LX16, Conjecture 6.5].
As an easy consequence of Theorem 1.5, we get the following result. The proof is given in Section 4.1. We remark that Dervan also treated similar problem. See [Der16] .
Corollary 1.7 (see also Example 4.2). Let (X, ∆) and (X ′ , ∆ ′ ) be log Fano pairs. Assume that there exists a finite and surjective morphism φ :
We can also show as an application of Theorem 1.5 that the projective plane is K-semistable. The result is well-known (see [Don02] ). Moreover, the result has been already proved purely algebraically (see [Kem78, RT07] and [Li16, Blu16, PW16] ). However, it is worth writing the proof since our proof is purely birational geometric. The proof is given in Section 4.2.
This paper is organized as follows. In Section 2, we see the equivalence between the conditions in Theorem 1.5 (2i), Theorem 1.5 (2ii), and Theorem 1.5 (2iii). For the proof, we use the log-convexity of volume functions and restricted volume functions. In Section 3, we see how to replace a primitive divisor by a plt-type prime divisor with smallerβ-invariant. For the proof, we use techniques of minimal model program. Theorem 1.5 follows from those observations. In Section 4, we prove Corollaries 1.7 and 1.8.
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Uniform K-stability
In this section, we simplify the conditions in Theorem 1.4 (2). In this section, we always assume that (X, ∆) is a log Fano pair of dimension n, L := −(K X + ∆), and F is a prime divisor over X.
The proof of the following proposition is essentially same as the proofs of [FO16, Theorem 4.2] and [Fjt16c, Proposition 3.2].
Proposition 2.1. We have the inequality
Proof. Take any log resolution σ : Y → X of (X, ∆) such that F ⊂ Y and there exists a σ-ample
where B + is the augmented base locus (see [ELMNP09] ). Note that
This implies that 
) satisfies the log-concavity (in the sense of [ELMNP09, Theorem A]). In particular, for an arbitrary x 0 ∈ (0, τ (F )), we have
On the other hand, by [LM09, Corollary 4.27], for an arbitrary x ∈ [0, τ (F )], we have the equality
Let us set
Thus b ≤ (n/(n + 1))τ (F ). On the other hand, we have
Thus we have proved Proposition 2.1.
The following lemma is nothing but a logarithmic version of [FO16, Lemma 2.2]. We give a proof just for the readers' convenience.
Lemma 2.2 ([FO16, Lemma 2.2]).
We have the inequality
Lemma 2.2 follows immediately from the above.
Now we are ready to prove the following theorem.
Theorem 2.3. Let (X, ∆) be a log Fano pair. Then the following are equivalent: (i) (X, ∆) is uniformly K-stable.
(ii) There exists ε ∈ (0, 1) such that for any prime divisor F over X, the inequalityβ(F ) ≥ ε holds. (iii) There exists ε ∈ (0, 1) such that for any dreamy prime divisor F over (X, ∆), the inequalityβ(F ) ≥ ε holds.
Proof. Let F be an arbitrary prime divisor over X. Firstly, we observe that the condition β(F ) ≥ δ · j(F ) for some δ ∈ (0, 1) is equivalent to the condition
We also observe that the conditionβ(F ) ≥ ε for some ε ∈ (0, 1) is equivalent to the condition
where
Claim 2.4 (see [FO16, Theorem 2.3]).
If the inequality (2) holds for some ε ′ ∈ (0, ∞), then the inequality (1) holds for δ ′ = ε ′ /(n + 1).
Proof of Claim 2.4. By Lemma 2.2, the inequality (2) implies that
Thus the inequality (1) holds for
Claim 2.5. If the inequality (1) holds for some δ ′ ∈ (0, ∞), then the inequality (2) holds for
where θ := max 2n 2n + 1 , 2δ
Proof of Claim 2.5. We firstly assume that case A(F ) < θ · τ (F ). Then the inequality (1) implies that
Note that
Thus the inequality (2) holds for such ε ′ . We secondly consider the remaining case A(F ) ≥ θ · τ (F ). In this case, by Proposition 2.1, we have 1
Thus the inequality (2) holds for such ε ′ .
Theorem 2.3 immediately follows from Theorem 1.4 (2), Claims 2.4 and 2.5.
Remark 2.6. Let (X, ∆) be a log Fano pair and F be a prime divisor over X. If τ (F ) ≤ A(F ), thenβ(F ) ≥ 1/(n + 1) by Proposition 2.1. Thus it is enough to consider prime divisors F over X with τ (F ) > A(F ) in order to check the conditions in Theorem 1.5.
Plt blowups
The following theorem is inspired by [Xu14, Lemma 1].
Theorem 3.1. Let (X, ∆) be a quasi-projective klt pair with ∆ effective R-divisor. Let F be a primitive prime divisor over X and σ : (Y, ∆ Y + F ) → (X, ∆) be the associated prime blowup. Assume that F is not plt-type (resp., not lc-type) over (X, ∆). Then there exists a plt-type prime divisor G over (X, ∆) such that the inequality
Proof. Let π : V → Y be a log resolution of (Y, ∆ Y + F ) and let E 1 , . . . , E k be the set of π-exceptional divisors on V . We set F V := π −1 * F and ∆ V := π −1 * ∆ Y . We may assume that there exists a (σ • π)-ample Q-divisor
Of course, we have the inequality h i > h F c i (from the negativity lemma) and the equality a i = b i + a F c i for any 1 ≤ i ≤ k. By assumption, the inequality b i ≤ 0 (resp., b i < 0) holds for some 1 ≤ i ≤ k. In particular, the inequality c i > 0 holds for some 1 ≤ i ≤ k. By changing E 1 , . . . , E k and by perturbing the coefficients of A V if necessary, we can assume that the following conditions are satisfied:
• There exists 1 ≤ l ≤ k such that c i > 0 holds if and only if 1 ≤ i ≤ l.
• b 1 /c 1 = min 1≤i≤l {b i /c i }.
• The inequality h j /c j < h 1 /c 1 holds for any 2 ≤ j ≤ l with b 1 /c 1 = b j /c j . Take a rational number 0 < ε ≪ 1 and set t := (a 1 − εh 1 )/c 1 ∈ R >0 . Since ε is very small, we get the following properties:
• a 1 − (tc 1 + εh 1 ) = 0,
Take a general effective R-divisor L ′ with small coefficients such that
Moreover, we set
(We remark that 1 − a F + t ≥ t > 0 holds if F is a divisor on X. We also remark that the coefficients of tL V can be less than 1 by the definition of L V .) Moreover, we have
The right-hand side is effective and its support is equal to the union of (σ • π)-exceptional prime divisors other than E 1 . Furthermore, 
X be the output of this MMP. The MMP does not contract E 1 . Let G W ⊂ W be the image of E 1 . Moreover, by the negativity lemma, any (σ • π)-exceptional prime divisor other than E 1 is contracted by ψ. In particular, we get
Furthermore, by the definition of MMP with scaling, the R-divisor
is nef over X for any 0 < λ ≪ 1. Moreover, by the base point free theorem, the above R-divisor admits the ample model over X. Let
X be the model and we set G := µ * G W . Since −G is τ -ample, the morphism µ is a small morphism. We remark that
is dlt, R-linearly equivalent to zero over X, and G W is the unique prime divisor whose coefficient is equal to one. Thus this is plt and
is also effective R-Cartier. This implies that the pair (Z, τ
is also plt. By construction, −G is τ -ample, G is exceptional over X (since E 1 is exceptional over Y ), and A (Y,∆ Y +F ) (G) = b 1 ≤ 0 (resp., < 0).
Corollary 3.2. Let (X, ∆) be a log Fano pair and F be a primitive prime divisor over X with the associated prime blowup σ : (Y, ∆ Y + F ) → (X, ∆). If F is not plt-type over (X, ∆), then there exists a plt-type prime divisor G over (X, ∆) with
Proof. We set n := dim X and L := −(K X +∆). By Theorem 3.1, there exists a plt-type prime divisor G over (X, ∆) with
be a common log resolution of (Y, ∆ Y + F ) and (Z, ∆ Z + G). Since (X, ∆) is klt and
we have the inequality g > 0. Moreover, we have the following equalities:
Claim 3.3.
(1) For any x ∈ R ≥0 , we have the inequality vol
Proof of Claim 3.3. The assertion (1) is trivial since we know that
for any sufficiently divisible k, j ∈ Z >0 . We see the assertion (2). We assume that A (Y,∆ Y +F ) (G) = 0. Then we have
This implies the inequality 1 > f g.
is ρ-nef and
Moreover, we have
Therefore, we have
Thus we get Claim 3.3.
From Claim 3.3, we get the inequalitieŝ
Moreover, at least one of the inequalities is the strict inequality.
Proof of Theorem 1.5. This follows immediately from Remark 1.3 (1), Theorems 1.4, 2.3 and Corollary 3.2.
Applications
In this section, we give several applications of Theorem 1.5.
4.1. Finite covers. In this section, we prove Corollary 1.7. To begin with, we show the following easy lemma.
Lemma 4.1. Let ψ : W → V be a generically finite and surjective morphism between normal projective varieties. For any Cartier divisor D on V , we have the following inequality:
Proof. We may assume that D is big. By [Fuj94, Theorem] , for any ε > 0, there exists a projective birational morphism σ :
be the normalization of the fiber product. Then we get
The assertion immediately follows from the above inequalities.
Proof of Corollary 1.7. We set n := dim X, L := −(K X + ∆), L ′ := −(K X ′ + ∆ ′ ) and d := deg φ. From Theorem 1.5, there exists ε > 0 (resp., ≥ 0) such thatβ(F ′ ) ≥ ε holds for any prime divisor F ′ over X ′ . Take any plt blowup σ : (Y, ∆ Y + F ) → (X, ∆). From Theorem 1.5, it is enough to show the inequalityβ(F ) ≥ ε. Let
be the normalization of the fiber product. (Note that the morphism ψ is a finite morphism.) Let
be the irreducible decomposition of the pullback of F (see [KM98, Proposition 5 .20]), where r i ∈ Z >0 . By [KM98, Proposition 5.20], we have the equality
Therefore, from Lemma 4.1, we have the following inequalities:
As a consequence, we have proved Corollary 1.7.
We remark that the converse of Corollary 1.7 is not true in general. See the following example.
Example 4.2. Let X := P 1 , X ′ := P 1 and let us consider the morphism φ : X ′ → X with t → t 2 . Take any d ∈ (0, 1) ∩ Q and set
Then we know that (X, ∆) and (X ′ , ∆ ′ ) are log Fano pairs and the equality φ * (K X + ∆) = K X ′ + ∆ ′ holds from the ramification formula. By [Fjt16b, Example 6.6], (X, ∆) is uniformly K-stable. However, again by [Fjt16b, Example 6.6], (X ′ , ∆ ′ ) is not uniformly K-stable (but K-semistable).
4.2. K-semistability of the projective plane. In this section, we show Corollary 1.8. Take any plt blowup σ : (Y, F ) → (P 2 , 0). It is enough to show the inequalityβ(F ) ≥ 0 by Theorem 1.5.
Assume that F is a divisor on P 2 . Set d := deg P 2 F . Then From now on, we assume that F is an exceptional divisor over P 2 . Set {p} := c P 2 (F ). Of course, the Picard rank of Y is equal to two. We may assume that the divisor −(K Y + F ) is big by Remark 2.6. By [Pro01, Proposition 6.2.6 and Remark 6.2.7], the morphism σ is a weighted blowup with weights a, b for some local parameters s, t of O P 2 ,p , where a, b ∈ Z >0 , a ≥ b and a, b are mutually prime. (Note that the variety Y is not a toric variety in general.) We know that (F ·2 ) Y = −1/(ab) and A(F ) = a + b. Let π :Ỹ → Y be the minimal resolution of Y and let E 1 ⊂Ỹ be the strict transform of the exceptional divisor of the ordinary blowup of p ∈ P 2 . Then we can check that ord E 1 π * F = 1/a. Letl ⊂Ỹ be the strict transform of a general line on P 2 passing though p ∈ P 2 . Sincel is movable, we have
This implies that τ (F ) ≤ 3a. We can write KỸ = π * K Y − E for some effective and π-exceptional Q-divisor E onỸ (see [KM98,  Proof of Claim 4.3. The assertion (3) follows from (1) and (2). We prove (1) and (2). We know that vol P 2 (−K P 2 − xF ) = (σ * (−K P 2 ) − xF ) ·2 = 9 − x 2 ab for x ∈ [0, ε(F )]. If ε(F ) = τ (F ), then vol P 2 (−K P 2 − ε(F )F ) = 0. Thus ε(F ) 2 = 9ab. Hence we can assume that ε(F ) < τ (F ). In this case, ε(F ) ∈ Q and the divisor σ * (−K P 2 ) − ε(F )F gives a nontrivial birational contraction morphism µ : Y → Z since F is dreamy over (P 2 , 0) (see [Fjt16c, Lemma 3.1 (4)]). Moreover, since the Picard rank of Z is one, µ * (σ * (−K P 2 )) and µ * F are numerically proportional. Thus, for x ∈ [ε(F ), τ (F )], we can write vol P 2 (−K P 2 − xF ) = µ * (σ * (−K P 2 ) − xF ) This implies that ab = ε(F )τ (F )/9 and c = 9/(τ (F )(τ (F )−ε(F ))).
Since ε(F ) ≤ τ (F ) ≤ 3a and ε(F )τ (F ) = 9ab, we have τ (F ) ∈ [3 √ ab, 3a]. Moreover,
and the function x+9ab/x is monotonically increasing on x ∈ [3 √ ab, 3a]. Thus ε(F ) + τ (F ) ≤ 9ab/(3a) + 3a = 3(a + b). This implies that β(F ) = 1 − ε(F ) + τ (F ) 3(a + b) ≥ 0.
As a consequence, we have completed the proof of Corollary 1.8.
